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Integral and series transformations via Ramanujan's 
identities and Salem's type equivalences 
to the Riemann hypothesis 

Semyon YAKUBOVICH 
Abstract 



We consider integral and series transformations, which are associated with Ramanujan's identities, 
involving arithmetic functions o(n), oj(n), a a (n), d(n), fJ,(n), X(n),<p(n) and a ratio of products of 
Riemann's zeta functions of different arguments. Reciprocal inversion formulas are proved in a Banach 
space of functions whose Mellin's transforms are integrable over the vertical line Re s > 1. Examples 
of new transformations like Widder-Lambert and Kontorovich-Lebedev type are exhibited. Particular 
cases include familiar Lambert and Mobius transformations. Finally a class of equivalences of the 
, Salem type to the Riemann hypothesis is established. 

Keywords: Mellin transform, Riemann zeta- junction, Kontorovich-Lebedev transform, modified Bessel 
functions, Lambert transform, Mobius transform, Ramanujan's formulas, arithmetic functions, Lambert 
series, the Riemann hypothesis 
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1 Introduction and auxiliary results 



Integral and series transformations, which will be derived in the sequel are based on remarkable Ramanu- 
jan's identities involving arithmetic and Riemann's zeta- functions [6], [10], namely 

C(s)C( s - a)C ( s - b ) C ( s - a - b) ^ a a (n)a b (n) 



C(2s - a - b) 



E UayiL)o b yii) 



71=1 



where Re s > max{l, Re a + 1, Re b + 1, Re (a + b) + 1}, 



11=1 



C(*)C( S -a) = £^ (1-2) 



where Res > max{l, Re a + 1}, 



7#T = £^' Res>1 > (1-3) 
C(2s) ^ n s 



C 2 ( S ) = E^, Res>l, (1.4) 



n 

n=l 



±-±!&, B->1. (1.5, 



C(s) ^-J n 

3 v 7 n— 1 



2 



Semyon YAKUBOVICH 



n— 1 



,v ' n=l 

^ = £^, Rcs>2, (1.10) 

iZ^C(*-l) = f^, Re S >2. (1.11) 
1 - 2~ s ^ n s 

Here £(s) is the Riemann zcta- function [10], which satisfies the familiar functional equation 

C(s) = 2V 1 sin (H) r(l - S )C(1 - a), (1.12) 

where T(z) is Eulcr's gamma-function, and in the half-plane Res = c > 1 it is represented by the 
absolutely and uniformly convergent series with respect to t e K, s = c + it 



oo 
n=l 

and by the uniformly convergent series 

(i - 2 i - s )c( S ) = Yl L -i— . Res > °- a- 14 ) 



n=l 



Further, a(n) in (1.11) denotes the greatest odd divisor of n, a a (n) in (1.1), (1.2) is the sum of a-th powers 
of the divisors of n € N. In particular, for pure imaginary a — it |<7j T (n)| < d(n), where d(n) is the 
Dirichlet divisor function, i.e. the number of divisors of n, including 1 and n itself. It has the estimate [10] 
d(n) = 0(n £ ), n — »■ oo, e > 0. The Mobius function is denoted by fj,(n) and |/i(n)| < 1. The symbol w(n) 
in (1.3) represents the number of distinct prime factors of n and it behaves as w(n) = 0(log log n) , n — > oo 
(see in [8]). By <p(n) Euler's totient function is denoted and its asymptotic behavior satisfies [cf. [8]) 
<p{n) = O (n [log log n] -1 ) , n — > oo. Finally, A(n) in (1.7) is the Liouville function, |A(n)| < 1. 

Following similar ideas presented in [12], [14] we define a special functional space Al _1 (i c ), which 
will be suitable for our investigation of the series transformations with arithmetic functions. 

Definition 1. Denote by .M _1 (£ c ) the space of functions f(x),x £ R+, representable by inverse 
Mcllin transform of intcgrable functions f*(s) € Li(c) on the vertical line c={seC: Res = Co}: 

f(x) = ^-.Jj*(s)x- s ds. (1.15) 
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The space M 1 (L C ) with the usual operations of addition and multiplication by scalar is a linear 
vector space. If the norm in Al _1 (£ c ) is introduced by the formula 

1 f + °° 

\\ f \\M- H L c) = ^J_ oo \nco + it)\dt, (1.16) 

then it becomes a Banach space. Simple properties of the space A1 _1 (L C ) follow immediately from 
Definition 1 and the basic properties of the Fourier and Mellin transforms of intcgrable functions. For 
instance, the Riemann-Lebesgue lemma yields that x c ° f{x) is uniformly bounded, continuous on R + and 
x c °/(x) = o(l), when x — > +oo and x — > 0. Moreover, if f(x), g(x) G A1 _1 (L C ), where g{x) is the 
inverse Mellin transform (1.14) of the function g*(s), then x c ° f(x)g(x) £ 7\4^ 1 (£ c ) because the product 
x ca f(x)g(x) is the inverse Mellin transform of the function 

^ frWis- r + c o)d r, 

which belongs to L\{c) by Fubini's theorem. Finally we note that if /(x) e Al _1 (i c ) and x c °~ 1 g(x) e 
ii(R+), then the Mellin convolution 

I™ 9(u)f(-)-£M-\L c ). 
Jo K u/ u 

In fact, the latter integral is an inverse Mellin transform of the function f*(s)g*(s) and since f*(s) E Li{c) 
and g*(s) is essentially bounded on c, we have f*(s)g*(s) e Li(c). 

A more general space A^^ 1 1 C2 (£ C ), which will be involved as well is defined similarly to the one in [12], 
[14]. 

Definition 2. Let ci, C2 £ R be such that 2sign c\ + sign c-i > 0. By M C ^ C2 {L C ) we denote the space 
of functions /(x),x e R + , representable in the form (1.15), where s C2 e 7rci l s l/*(s) e L\(c). 
It is a Banach space with the norm 

\\f\Uu^)-hSf cM \ sC2f *^ Res = C0 - 



2 Transformations with arithmetic functions 

We begin with the following result. 

Theorem 1. Let f e A1 _1 (L C ), c > 1. Then for all x > the following series expansions with the 
Mbbius function are true 

oo oo 

/(x)-5>(n)]T/(xnm), (2.1) 

n—1 m—l 

oo oo 

= EE Mm)/(xnm), (2.2) 

n—1 m—l 

oo oo oo 

/(*) = E E 2 VH E (-i)" 1 " 1 / (™2 fe ) , (2.3) 

1 m—l 

oo oo oo 

/(x) = ^(-l)- 1 J2 E 2 VM/ (xnm2 k ) , (2.4) 



n—1 fc-Om-1 
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/(*) - 2/(2x) - X! E (-l) ro -70™m). (2-5) 

n— 1 m— 1 

Moreover, expansions (2.1), (2.2) generate reciprocal pair of transformations 

oo 

<?(*) = ^- / CM/* (*)ar'ds = £ ( 2 - 6 ) 

/(*) = ^J^x-°ds = ^{n)g{xn), (2.7) 

which are automorphisms of the space M. {L c ) awd satisfy the following inequalities for the norms 

[CM] -1 \\9\\m-hl c) < \\f\\ M -HL e ) < C(co) ||ff||>n-i(£ e ), co > 1. (2.8) 
Analogously expansions (2.3), (2.4) generate reciprocal transformations 



oc 

9(x) = w~ / (1 - 2 1 - s )CW.r( S )x-^.s = ^(-l)"- 1 /^), 



(2.9) 



/(a:) = ari 7 C (i -% °)«sf ~ Sds = EE 2 ' M fc ) ■ (2-io) 

w/iic/i are automorphisms of the space A^ _1 (i c ) and satisfy the norm estimates 

[C(co)] _1 ||slUi-i(L.) < \\f\\ M -HL c ) < (1 - 2 1 - c °)- 1 C(co)|| 5 |U- 1 (L c ), c > 1. (2.11) 

Proof. In fact, the validity of equalities (2.1)- (2.5) follows immediately from representation (1.15), iden- 
tities (1.5), (1.13), (1.14) and elementary sum of geometric progression after the change of the order of 
summation and integration via Fubini's theorem owing to the following estimates 

£ IM«)I £ \f(xnm)\ < / \f*(s)ds\ < oo, x > 0, 

n=l m=l 27F Jc 

£ E 2 fc |MWI £ |/ (xnm2 fc ) | < / |/*(*)rf»| < oo, x > 0. 

fe=0n=l m=l Z7T[L Z > Jc 

Hence we establish reciprocal equalities (2.6), (2.7), where f*(s) = g* (s)[C( s )] _1 by virtue of the unique- 
ness theorem for the Mellin transform. This also guarantees the automorphism of the space .M _1 (-£/ c ) 
under transformations (2.6), (2.7). Finally, since (see (1.16)) 



2tt/ 



< C(co) \\9\\m-Hl 



(L c ), 



\\9\\m-hl c ) = J \C(s)f*(s)ds\ < C(c ) ||/||>n-i(L c ). 

we prove inequalities (2.8). In the same manner we establish the automorphism of the space A4~ 1 (L C 
under reciprocal pair (2.9), (2.10) and estimates (g*(s) = f*(s)((s)(l - 2 1 ~ s )) 

\\9\\M-HL c ) = ^Jj(l-2 1 - s K(s)r(s)ds\ <C(c ) \\f\\ M -HL c ), 



M-HL 
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< (l-2 1 - Co )- 1 C(co) \\g\\ M -HL e ), 



yield inequalities (2.11). □ 

Analogously, calling Ramanujan's identities (1.2)- (1.10) we come out with two more theorems, which 
we leave without proof. 

Theorem 2. Let f e A4 (L c ), Co > 1. Then for all x > £/ie following series expansions with 
arithmetic functions hold valid 

oo oo 

f(x) = M n )l E X(m)f(xnm), 

n—1 771—1 

OO oo 

f(x) = E A (") E \n(m)\f(xnm), 

n—1 771—1 

OO oo 

fc,n=l m— 1 

oo oo 

f(x) = Y,1 u{n) E A(%(m)/(mmfc), 



n—1 k,m—l 

oo 



k,rn—l n—1 



oo 



f( x ) = E d ( m ) E K k )K n )f( xnmk ), 



m=l fc,n=l 
oo oo 



/(z) = E Yl d(m 2 )f(xnmjk), 

k,n,j—l m=l 

oo oo 

/fa) = E d (™ 2 ) E v( k )v( n )Hj)f( xnmk 3), 

m=l k,n,j=l 

oo oo 

/(z) = E M*0M.?)MO-M n ) d 2 (m)f(xnmjkl), 

k,n,j,l=l m=l 

oo oo 

/(#) = E rf2 ( m ) E ^{ k )^{n)ii{l)\{j)f{xnmkjl), 

m=l k,n, j,l=l 



f( x ) = E E <f( m )f( xnmk )> c > 2, 

fc,n=l m=l 

oo oo 

= E ^( m ) E k K k ).f( xnmk ), Co > 2, 



m=l fc,n=l 



f(x)— E n a ^,{k)^,{n)'Y^ a a{nrL)f{xnmk), c > max{l, Re a + 1}, 

k,n=l m=l 
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oo oo 

f(x) = cr a (m) ^ k a n{k) n{n) f (xnmk) , Co > max{l,Re a + 1}. 

m— 1 k,n—l 

Theorem 3. Let / € .M (L c ), cq > 1. T/ien /or all x > the following reciprocal series transfor- 
mations are automorphisms in M.^ 1 {L C ) with the corresponding norm estimates, namely 



g( x ) = K m )fi xm ), 

m—1 

oo 

f( x ) = Y \v(n)\g(xn), 



n=l 



[C^o)]- 1 IMU-H^) < \\f\\M-HL c) < HffllM-i^), c > 1; 



n=l 

oo 

/(z) = X] A ( fc )^( m ).9 (zrofc) , 



fc,m— 1 

>2/ 



\\g\\M-HL c ) < ||/||^i-i(L e ) < C(c ) \\g\\ M -HL c ), c > 1; 

OO 

g( x ) = ^2d(n).f{xn), 

n=l 

oo 

/(#) = X H{k)n{n)g{xkn), 

k,n—l 

C 2 (c ) ||.g|U-i(L c ) < ll/IU-i(L c ) < C 2 (c ) ||g||^i-i(L c ), c > 1; 

oo 

g( x ) = d(m 2 )f(xm), 

m—1 

oo 

f( x ) = Y ^{ k )^)K n )9{xnjk), 

k,n.j — l 

C 3 (c ) ||»||^-i(£ e ) < \\f\\M-HL e ) < C 3 (co)C(2c ) HffllM-i^), c > 1; 

OO 

g( x ) = H d 2 (m)f(xm), 

m—1 

oo 

/(z) = X »{k)ii{j)ii{l)\{n)g{xnjkl), 

k,n,j,l—l 

C 4 (co) ||ff|U-i(L c ) < ||/|U-i(L c ) < C 4 (c )C(2c ) ||5||^-i(L c ), c > 1; 

OO 

g( x ) = Y <P(m)f(xm), 
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f( x ) = k K k )9{xnk), 



k,n=l 

[C(co)C(co - \\9\\m-Hl c ) < \\f\\M-^(L c ) < C(co)C(c - 1) \\g\\M-HL c ), c > 2; 

oo 

g( x ) = a a (m)f(xm), 

m— 1 

oo 

= Y n a n(k)/j,(n)g(xnk), 

k,n—l 

[C(c )C(co - Rca)}- 1 \\g\\ M -i {Lc) < ||/||m-i(l c ) < C(co)C(c - Rea) ||sr||.M-i(z, c ), c > max{l, Re a + 1}. 

Let /(x) = e~ x , which evidently belongs to the space A / J _1 (i c ) since f*(s) — T(s) is the Euler 
gamma-function. Substituting it in (2.1)-(2.5) and calculating elementary series we come out to the 
Lambert type expansions (cf. [8]) 

OO , s 

n—1 

oo oo 2& ^ ^ 

e ^ = SS ex p(^) +i ' x>0, 



pin _j_ -| ' 

n=l 



e x ™ + 1 



Further, the Parseval equality for the Mellin transform [11] and Fubini's theorem allow to write the 
modified Laplace transform [3] of / e A1 _1 (£ c ) in the form 

r°° rtt 1 r 

I e ~ x/tfit) 7 = 2^J c T{s)r{s)x ~ Sds - (2 ' 12) 

Moreover, due to Definition 2 and Stirling's asymptotic formula for gamma- functions [1, Vol. 1] it forms 
a bijective map of the space A / J _1 (i c ) onto its subspace M.±j 2 i/2_ Co (-^c)- Thus appealing to Theorem 
1 we will derive the Widder type inversion formulas for the Lambert transform (see in [2], [4], [13]) and 
Widder-Lambert type transforms. Precisely, we prove 

Theorem 4. Let f G A1 _1 (i c ) and c > 1. Then the modified Lambert transform 

g(x)= r , X>0 (2.13) 

V ' Jo t(e K /*-l) V 7 



maps bijectively onto the space M x j 2 i/ 2 _ Co (-^c) an d for all x > the Widder type inversion formula 
holds true 

f(x) = lim (-^) H ( X _ jr^Mxkn). (2.14) 

v 7 1 = 1 n=l 



Analogously, the Widder-Lambert type transformation 



■' w = fjM' I>0 (215) 
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is a bijective map between spaces A4 1 {L C ), A / l 1 y 2 i/2-c ^ c ^ an( ^ f or a ^ x > ^ / ^ ow * n 5 inversion 
formula takes place 

-^Jn^-J^jEE^n)^^-). (2.16) 

7 j=l m= 0n=l 

Proof. In fact, the proof is based on Theorem 1, equality (2.12), a familiar infinite product for the 
gamma- function (see, for instance, [14, p. 48]) 



-L - lim sk- s TT f 1 + -) 



and the asymptotic behavior |r(s)| _1 = e 7r l ;s l/ 2 |s| 1 / 2_Co , s = c + it, |t| — > oo via Stirling formula. So 
owing to Theorem 1 and the absolute and uniform convergence, which guarantees the change of the 
order of integration and summation, the modified Lambert transform bijectively maps Al _1 (i c ) onto 
M-ij 2 i/2-c (Lc) and represented by (2.13), namely 



1 C °° /"Oo 

g{x) = 2™ /cwiw* = J2J o e- in/t /(*) 



eft 

T 



^ ,*>0. 



/o t(e*/*-l)' 

Reciprocally, following similarly to [14, p. 49] and appealing to the Lebesgue dominated convergence 
theorem and equality (2.7), we find 

M; 2™ 7 C C(*)r(«) fc->~27rty c l = lV 3 J C(«) 

= & n ( x - y£) Em»)s(**»). 

v 7 j=l ra=l 

which gives (2.14). In the same manner, employing again (1.14) and Theorem 1 we deduce the represen- 
tation (2.15) of the Widder-Lambert type transform 



9{x) = 2™ / (1 _ 2l - s )c(s)mr(s)x- s ds = Et- 1 )"" 1 1 

f(t)dt 



-xn/t — 



J 

JO 



t ( e x/t + 1) 

Finally, the same motivations perform the chain of equalities 



,x > 0. 



/(*) - ^ 1 1 C ( t7^^ = iim ^E 2m ff\( i+s -) 'M^'ds 



m=0 1/0 j=l 

k / , \ oo 00 



- & (-4) n('-ji)EE 2 "><").' <**-) • 

x 7 j=l m=0n=l 

which, in turn, yield (2.16). □ 
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Transformation (2.15) can be generalized considering the following two-parametric family of functions 

U Km (x)^^-J[(l-2 1 - s )C(s)} k+1 T m+1 ( S )x- s ds,x>0, fc,meN . (2.17) 

The case k — m we denote by Uk(x). The case k = m = gives Uo(x) = (e x + One can express 

the kernel (2.17) in terms of the iterated Mellin convolution. Indeed, via (1.14) and simple calculations 
we obtain 

oo 

U k , m (x)= (-l)^=" n ^- fc+m 

n 1 ,n 2 ,...,n fc _ m = l 

f TTc «7 , Z' fxnin 2 ...n k - m \ \~ 1 du 1 du 2 ...du m 
x / (e Uj + 1) cxp +1 , k > to, (2.18) 

Jw™fJi V V UlU 2 ...U m J J UlU 2 -..U m 

U k , m (x) = U k (x) = [ fexpf TT^'+l)- 1 k = m, (2.19) 



^ fc+1 / m \ 

l/fc, m (a:)= / n^" 3 +1 ) _lcx P ~ E M 6XP 



X \ C?Ml . . . du„ 



UlU 2 . . . U m I UiU 2 . . . U. 



-, k < to. (2.20) 



Thus an analog of Theorem 4 will be 

Theorem 5 Ze£ / e Al _1 (i c ) and c > 1. T/ien i/ie integral transformation 

9(x) = J™ U k , m (f) /(*)*, x > (2.21) 

is a bijective map between spaces Al _1 (ic), -^(m+i)/2 (m+i)(i/2-c ) (^ c ) an d for all x > the following 
inversion formula takes place 

7 \ m+1 £ / ; \ m+1 

a \ -r-r / , x a N 



/ r7 \ m+ / 



oo oo / k 

x e e n 2 ^)s(^ m+i n 2 ' in ' 

Ji J*=0 ni,...,n fc =l t=l \ *=1 



3 Transformations of the Kontorovich-Lebedev type 

The familiar Kontorovich-Lebedev transform (see for instance in [9], [14], [16]) is defined by 

poo 

K iT [f}= K iT (x)f(x)dx, reM+, (3.1) 
Jo 

where the integral converges in an appropriate sense and K v (x), v e C,x > is the modified Bessel 
function [1, Vol. 2] having the following integral representations 

1 fi+ioo 

K v (2y/x) = — t{s + -)T[s- -)x- s ds, a> |Rei/|, (3.2) 

47T« Ja-ioo v 2/ V 2/ 
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K„(x) = e~ xcoshu coshuu du. (3.3) 



The main goal of this section is to consider an analog of the Kontorovich-Lebedev transform (3.1) involving 
the kernel, which we will call the Macdonald-Lambert function A4 v (x), represented by 

. > , n f°° cosh^u du „ ,„ 

M "W = J eXCOsh u_ V x >°> ( 3 - 4 ) 

Precisely, letting in (3.4) v as a pure imaginary number, v = it, t > let us consider the following 
transformation 

/■OO 

M iT [f}= Mi T (x)f(x)dx, t e K+. (3.5) 
Jo 

First we observe via (3.4), that A4i T (x) is a real- valued function. Moreover, due to (3.3) and elementary 
summation it can be represented by the following series of the modified Bessel functions 

oo 

M lT (x) = ^K lT (nx),x > 0, (3.6) 



71=1 



where the corresponding change of the order of integration and summation is by virtue of the absolute 
and uniform convergence. Hence invoking the uniform inequality for the modified Bessel function [16] 

\K„(x)\ < e- rT K (xcosr), r e [0,tt/2), 

we have, accordingly, the estimate 

oo 

\M iT (x)\ <e- rT J2 K o(nxcosr) = e - rT M {x cos r). (3.7) 

n=l 

Meanwhile, making a simple change of variable and shifting the vertical contour in (3.2) to the right 
into the half-plane Res > 1, we substitute it in (3.6). Then inverting again the order of integration and 
summation owing to the absolute and uniform convergence, we employ (1.13) to deduce the formula 

M iT {x) = P +,CC 2 s - 2 r ( ^±iL) r ( '^—^-) C(s)x-'ds, a > 1. (3.8) 



a — ioc 



2-Ki 

Reciprocally, taking the Mellin transform of the kernel A4i T (x), it yields 



Jo 



' MirWx'^dx = r- 2 r (^^j r C(s), Res = c > 1 (3.9) 



and one can justify the absolute convergence of the integral in (3.9) shifting a contour in (3.8) to the left 
and to the right from the line Res = c in order to get the corresponding behavior near zero and infinity, 
respectively. 

A relationship of (3.5) with the Kontorovich-Lebedev transform (3.1) is given by 
Lemma 1. Let f e Al _1 (L c ),co = 1 — a, a > 1. Then for all r e E + 

M iT [f] = K iT [g], (3.10) 

where g(x) is the series transformation (see (2.6)) 

9 « " jL «'"'« - " g ^ (5) < 3 -"» 
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and the following equality holds 



MiAf] = i f +4 °° 2- 2 r (Z±*L) r f i-*!') (1 - s)ds. (3.12) 



Proof. In fact, since via conditions of the theorem 



/>oo pa^-ioo 

/ IMirix^x"- 1 \f*(l-s)ds\dx<oo, 

J J a — ioo 



the proof of (3.12) is straightforward by substitution (3.9) into the right-hand side of (3.12) and inversion 
of the order of integration with the use of Fubini's theorem and (3.5). In the same manner we prove 
composition (3.10), where g(x) can be represented by (3.11) similarly to (2.6). □ 

The main result of this section is an inversion theorem for the Kontorovich-Lebedev like transformation 
(3.5). For a different class of such index transformations and their inversions we refer to [15]. Our method 
will be based on Sneddon's operational approach to invert the Kontorovich-Lebedev transform (3.1) (see 
[9], Ch. 6). 

We have 

Theorem 6. Let f G Al _1 (L c ),co = 1 — a, a > 1. Let f*(s) be analytic in the strip Res G 
[l-o,l + a], a > 1, /*(0) = and ((-c -it)f*(l + c Q + it) e n L p (R),p > 1 for all c G [-a, a]. 

If -Mi T [f] G Li(M+; Te nT dr), then for almost all x G R+ the following inversion formula holds 

/>oo 

xf(x)= / Tsinh7TT M iT (x)M iT [f]dT, x > 0, (3.13) 
Jo 

where 

mm = r 2 Z m £ ^ f i + 1/4 p;i% /2 ( i + 4^) ■ (3.M) 

V« TSmh(7rr/2) ^ n J / 2 \ x 2 n 2 ) ^ T L >' z \ x A n 2 J 

Proof. We begin substituting integral representation (3.4) with v = ir into (3.5) and changing the order 
of integration by Fubini's theorem. It is indeed allowed via conditions of Lemma 1 and the estimate 

' f°° \f(x)\dx 1 f°° f°° x"- 1 , /■ 0+i00 l ,„ 1 
du ' V < — / du / c <W / (l-s)ds 

/ ^a; cosh u 1 — O™. / / „x cosh u 1 / u v / i 

JO e ~ 1 Z7r JO JO e ~ 1 Ja-ioo 

1 Z" 00 (7?; Z" 00 r a_1 r a + io ° 

= T -^ dx \f*(l-s)ds\<oc, a>l. 

2tt 7 cosh u 7 e x - 1 7 a _ too 

Consequently, 

M i Af} = j o cosruj^ —K-L— dxdu. (3.15) 

Hence as we see in the above estimate the inner integral with respect to x is an integrable function by 
u. Moreover, inequality (3.7) and conditions of the theorem guarantee that Mi T [f] G Li(R+). Thus 
inverting the cosine Fourier transform in (3.15) we arrive at the equality 

-J o M„ [/] cos tu dr = ^ e , coshM _ 1 , 
or after simple substitution v = coshu it becomes 

nJo°° MlT [f] C ° S ( T ( U + ^ ~ ^ ) ^ = So " ^ V>1 ' (3 ' 16) 
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A differentiation under integral sign in (3.16) with respect to v is still allowed by virtue of the absolute 
and uniform convergence of the corresponding integrals. Precisely, in its left hand-side it is owing to 
inequality (3.7) and in the right- hand side by the inequality 



Jo (e- - l) 2 " 2tt J (e* - l) 2 J a _ loo 
Thus (3.16) yields 

Wo lTUl v^^T Jo (e^-1) 2 

= / xf(x) V ne~ xvn dx. 
J o n =i 

But 

I" x\f(x)\ £ ne-^dx < I/* (1 - 8)ds\, a > 1. 

JO n=1 Z7ru Ja-ioc 

Therefore, an interchange of the order of integration and summation in the right-hand side of latter 
equality is allowed and after a simple change of variables we come out with 



2 r a a r „ sin (t k>g (v+v^i)), r -vx f 

- rMir[f] hf=^ LL dr = e vx x\ -/ - )dx. 3.17 

Wo Vv 2 - 1 Jo \nJ 



sin (r log (y + \Jv 2 — 1) ) 

Jo „_j 

Meanwhile, appealing to the identity (cf. [9, p. 359]) 



sin (r log + \Jv 2 — l) ) 1 



i r 00 

= — sinh7TT / e vx K iT (x)dx, 
n Jo 



and via condition of the theorem Mi T [f] € Li(R+; re 7TT dT), we substitute the latter integral into (3.17) 
and change the order of integration. Then canceling the Laplace transform due to the uniqueness theorem 
for Laplace transform of integrable functions [11], we arrive for almost all x > at the equality 

2 f°° °° x /x\ 

— ^ rsinhiTT K lT {x)M„[f]dr = ~f {-) ■ ( 3 - 18 ) 

However, the right-hand side of (3.18) is given by the integral (3.11), which becomes after a simple change 
of variables as 



~ t /T\ 1 /— o+»oo 



Moreover, conditions of the theorem allow to shift the contour to the right by the Cauchy theorem and 
write for each x > 

— / ((-^(1 + ^=- C(-s).r(l + S )x- s d s . (3.19) 

Indeed, since /*(0) = and f*(s) is analytic in the strip Res € [1 — a, 1 + a], a > 1, we have that the limit 
of the product ((— s)f*(l + s) exists when s — » — 1 and it is analytic in the strip Res e [—a, a]. Further 
as in [11], p. 125 the condition £(— c — it)f*(l + c + it) € L p (M),p > 1 for all c € [—a, a] implies that 
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£(— s)/*(l + s)x _;s , s = co + rt goes to zero when \t\ — > oo uniformly for — a + e < Co < a — e for any small 
fixed positive e. Therefore (3.19) holds. Returning to (3.18) and accounting (3.2) with Fubini's theorem, 
which is applicable under integrability condition on A4i T [f], it becomes 



a+ioo 



2 S -V 



2 r 



Tsinh7TT r 



S + IT 



IT 



M iT [f)dT 



ds 



-i r-a+ioo 

= — C(-s)f*(l + s)x- s ds. (3.20) 

Z7rl Ja-ioo 

Canceling the inverse Mellin transform from both sides of (3.20), because the integrands are Li-functions 
and dividing by ((—s), we obtain 



ns-l poo 

/'(! + ,) = ^Z^j o T&hwr r ( ) r ( ^ ) M iT \f],lT. 



Hence taking the inverse Mellin transform over (6 — ioo, b + ioc), 1 < b < 2 from both sides of the latter 
equality, which is possible owing to integrability conditions, we deduce inversion formula (3.13), where 



1 f l 
-(*) - — / 



•M-i T (x) = —t: I 2 s - 2 T[^-—)T[—^-)-——ds,x>0. 



toe 



S -\-%T \ ^ S — IT \ X 



To complete the proof, we will show that the kernel M iT (x) can be written in the form (3.14). To do 
this we appeal to the functional equation (1.12) for the Riemann zeta-function and duplication formula 
for the Euler gamma - function. Thus it gives 



M ix)- f b/2+t °° r(* + f)r(*-f)r (s) r(i- 3 ) 

M ^x } - 27r5/2 • y 6/2 _ ioo c( i + 2s) r (s + i/2)r(i + s ) {x/2n) - 1: 



In the mean time the Parseval identity for the Mellin transform [11] and relations (8.4.19.1), (8.4.23.27) 
in [5], Vol. 3 lead to the equality 



6/2-ioo C(i + 2 S )r( s + i/2)r(i + s ) 



(x/2n)- Js ds 



-?jf*t/.(g) am* 

where Ji(y) is the Bcssel function of the first kind [1], Vol. II. But the latter integral is calculated in [5], 
Vol. 2, relation (2.16.43.2) and we obtain the result 

2 f°° - /zyx , . 2 3 / 2 

where P„(z) is the associated Legendre function [1], Vol. I. Hence, returning to (3.21) and combining with 
series (1.5), we substitute it inside the integral. Then changing the order of integration and summation 
via the absolute convergence and appealing to (3.22), we come out with (3.14). □ 
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4 Salem's type equivalences to the Riemann hypothesis 

In 1953 Salem [7] proved that the Riemann hypothesis is true, i.e. the Riemann zeta-function £(s) is free 
of zeros in the strip 1/2 < Res < 1 is equivalent to the fact, that the homogeneous integral equation 

/ ^TT h ^ dy = °> x > °> \ < 5 < 1; (41) 

has no nontrivial solutions in the space of bounded measurable functions on R + . But after a simple change 
of variable this equation becomes (2.15), where g(x) = and f(t) = t~ s h(l/t). Therefore reciprocities 
(2.9), (2.10) and (2.15), (2.16) lead to 

Corollary 1. Let h(x) be a solution of homogeneous equation (4.1) such that x~ s h(l / x) G M.^ 1 {L C ), c > 
1, 1/2 < S < 1. Then h(x) = 0. 

Proof. Indeed, there exists a function hg(s) G L\{c) such that 
Hence 

r c -S 



\h{x)\<^- J\hl{s)ds 



and since c > S, we have that h(x) is continuous on M + and /i(x) = o(l), x — > 0. Applying inversion 
formula (2.16) with j = 0we get the result. 

□ 

Let us prove the following equivalence to the Riemann hypothesis of the Salem type. 
Theorem 7. The Riemann hypothesis is true, if and only if for any bounded measurable function 
f(x) on R satisfying integral equation 

[ , pe .-u!r'"ffil , i x dudt = 0,1 < J < 1, (4.2) 
J K 2 (e e + l)(e e +1) 2 

/or aii x G R if follows that f is zero almost everywhere. 

Proof. Calling again (1.14) and properties of the Mellin transform and its convolution [11], [14] it is not 
difficult to derive the equality 

00 s _! r du 



[(1 - 2 i - s )C(s)r(s)r = / t s - 1 / — -. ^ -dt, Re s > 0. (4.3) 

Jo 7o u(e t /" + l)(e« + l) 



On the other hand, the reciprocal inversion of the Mellin transform yields 

du 1 r^ +tco r 

The left-hand side of (4.4) is positive and via (4.3) 



/ M/^w^ir r [(i-2 1 -)c( s )r( s )] 2 x-d s . 



(4.4) 
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which after a simple change of variables is equivalent to the condition 

[ e Sy dudy 

Hence following as in [7] Wiener's ideas about an equivalence of the completeness in Li(R) of translations 



p 5(x- y) , 

/ ( e e-»-« + l)( e e« + l)' 

and the absence of zeros of [(1 — 2 1 ~ s )((s)r(s)] 2 , i.e. zeros of £(s) in the critical strip 1/2 < Re s < 1, 
we complete the proof. 

□ 

Remark 1. Reminding integral representation (3.3) of the modified Bessel function and invoking 
identity (1.4), one can we write equality (4.4) in the form 

' L u(e^ + 1)^ + 1) = ^ d[n) ^° (2 ^ - 4 ^( 2 ^) + 4 ^o(4V^)] • (4.5) 



-y) f 
Jr 



du 



2 Jo u(e x ' u + l)(e 

Hence substituting (4.5) into (4.2), we change the order of integration and summation via absolute 
and uniform convergence since (see Section 1) d(n) = 0(n e ),e > 0,n — > oo. Consequently, Theorem 7 
can be reformulated as 

Theorem 8. The Riemann hypothesis is true, if and only if for any bounded measurable function 
f(x) on R and all i€S the equation 

oo 

X] d(n) \{K n f){x) - 4(IC 2n f)(x) + A(lC 4n f)(x)} = 0, 

71=1 

where 



(JC n f)(x) = j°° e- Su K (2V^ e^' 2 ) f(u)du, \ 



< S < 1, 



is the Meijer type convolution transform [3], has no nontrivial solutions. 

Finally a class of Salem's type equivalences to the Riemann hypothesis is given by 
Theorem 9. Let k,m € No, k < m and the kernel Uk. m {x), x > is defined by formulas 
(2.19), (2.20), correspondingly. The Riemann hypothesis is true, if and only if for any bounded mea- 
surable function f(x) on K satisfying integral equation 

I e- Su U k . m (e x ~ u ) f{u)du - 0, \ < 5 < 1, (4.6) 

for all x eK it follows that f is zero almost everywhere. 

Proof. Employing inversion formula (1.15) of the Mellin transform, we derive, reciprocally, from (2.17) 

/>oo 

[(1 - 2 1 - s )C(s)} k+1 T m+1 (s) = / Uk^ty-Ht, Re a > 0. 

Jo 

Moreover, Uk, m (x), x > is positive (see (2.19), (2.20)) and for S e (1/2, 1) 



/•OO 

/ u k , m {ty- 1 dt = [(i - 2 1 - CT )c( ( r)] fe+1 r m +V). 

Jo 
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This yields 

/ e Sy U k . m (e v )dy < oo. 
Hence as in Theorem 6 the completeness in £i(R) of translations 

e 5 ^U k , m (e x -y), i£l 

is equivalent to the absence of zeros of [(1 — 2 1 ~ s )£(,s)] fe+1 r m+1 (s), i.e. zeros of ((s) in the critical strip 
1/2<5<1. 

□ 

Acknowledgments 

The present investigation was supported, in part, by the "Centro de Matematica" of the University 
of Porto. 

References 



1. A. Erdclyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher Transcendental Functions, Vols. 
I and II, McGraw-Hill, New York, London and Toronto (1953). 

2. R.R. Goldberg, Inversions of generalized Lambert transforms, Duke Math. J., 25 (1958), 459- 476. 

3. I.I. Hirschman and D.V. Widder, The Convolution Transform, Princeton University Press, Prince- 
ton, New Jersey (1955). 

4. W.B. Pennington, Widdcr's inversion formula for the Lambert transform, Duke Math. J., 27 (1960), 
561-568. 

5. A. P. Prudnikov, Yu. A. Brychkov and O. I. Marichev, Integrals and Series: Vol. 2: Special 
Functions, Gordon and Breach, New York (1986); Vol. 3: More Special Functions, Gordon and 
Breach, New York (1990). 

6. S. Ramanujan, Some formulas in the analytic theory of numbers, Messenger of Math., 45 (1916), 
81-84. 

7. R. Salem, Sur une proposition equivalente a l'hipothese de Riemann. Comptes Rendus Math., 236 
(1953), 1127-1128. 

8. J. Sandor, D.S. Mitrinovich, B. Crstici, Handbook of Number Theory, Vol. I, Springer, Dordrecht 
(2006). 

9. I.N. Sneddon, The Use of Integral Transforms, McGray Hill, New York (1972). 

10. E.C. Titchmarsh, The Theory of The Riemann Zeta- Function, The Clarendon Press, Oxford, 
Second edition (1986). 

11. E.C. Titchmarsh, An Introduction to the Theory of Fourier Integrals, Clarendon Press, Oxford ( 
1937). 



Integral and Series Transformations 



17 



12. Vu Kim Tuan, O.I. Marichev and S.B. Yakubovich, Composition structure of integral transforma- 
tions, J. Soviet Math., 33 (1986), 166-169. 

13. D. V. Widder, An inversion of the Lambert transform, Math. Mag., 23 (1950), 171-182. 

14. S. B. Yakubovich and Yu. F. Luchko, The Hypergeometric Approach to Integral Transforms and 
Convolutions. Mathematics and its Applications, 287. Kluwer Academic Publishers Group, Dor- 
drecht (1994). 

15. S.B. Yakubovich and B. Fisher, A class of index transforms with general kernels, Math. Nachr., 
200 (1999), 165-182. 

16. S.B. Yakubovich, Index Transforms, World Scientific Publishing Company, Singapore, New Jersey, 
London and Hong Kong (1996). 

S. Yakubovich 

Department of Mathematics, 
Faculty of Sciences, 
University of Porto, 
Campo Alegre st., 687 
4169-007 Porto 
Portugal 

E-Mail: syakubov@fc.up.pt 



